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The Maximum Eccentricity Energy of a Graph

Ahmed M. Naji and N. D. Soner

Abstract— In This paper, we introduce the concept of a maximum eccentricity matrix M e (G) of a connected graph G and
obtain some coefficients of the characteristic polynomial P(G, 1) of the maximum eccentricity matrix of G . We also introduce
the maximum eccentricity energy EMe(G) of a connected graph. Maximum eccentricity energies of some well-known graphs
are obtained. Upper and lower bounds for EMe(G) are established. It is shown that if G is a self-centered K -regular graph

with diameter, then KD is a maximum eccentricity eigenvalue of G and EM_(G) = DE(G). Moreover, it is also shown that

if the maximum eccentricity energy of a graph is rational then it must be an even.
Index Terms: Distance in graphs, maximum eccentricity matrix, maximum eccentricity eigenvalues, maximum eccentricity energy of a

graph..

1. INTRODUCTION

In this paper, all graphs are assumed to be simple, finite and
connected. A graph G = (V,E) is a simple graph, that is,
having no loops, no multiple and directed edges. As usual, we
denote by N=|V | and m=|E| to the number of vertices

and edges in a graph G , respectively. For a vertex V €V , the
open neighborhood of V ina graph G, denoted N (V) , is the
set of all vertices that are adjacent to V and the closed
neighborhood of V is N[v]= N(v) U{v}. The degree of a

vertex V in G is d(v) =|N(v)|. A graph G is said to be
k -regular graph if d(v) =k for every veV(G). The
distance d(U,V) between any two vertices U and V in a
graph G is the length of a minimum path connecting them.
For a vertex V of G, the eccentricity of a vertex V is
e(v) =max{d(v,u):ueV(G)}. The radius of G is
r(G) =min{e(v):veV(G)} and the diameter of G is
D(G) = max{e(v):v eV (G)} Hence,

r(G)<e(v) <D(G), for every veV (G). A vertex V ina
connected graph G is a central vertex if (V) = r(G), while
a vertex V in a connected graph G is a peripheral vertex if
e(v) = D(G). A graph G is called a self-centered graph if
e(v) =r(G) =D(G) for every vertex VeV (G) [2]. We
denote K, C , K, ; and K, the complete, cycle, star

and complete bipartite graph respectively. For graph notation
and terminology we refer to books [5, 8].

The concept energy of a graph introduced by |. Gutman [6],
in the year 1978. Let G be a graph with N vertices and M
edges and let A(G) =(g;) be the adjacency matrix of G,
where

_ 1, if vy, e E(G);
%" {0, othrwise.
The eigenvalues A, A,,...,4, of a matrix A(G), assumed in
non-increasing order, are the eigenvalues of the graph G . Let
A=A, 2.2 A, for t <n be the distinct eigenvalues of G
with multiplicity m;, m,,...,m,, respectively, the multiset of

eigenvalues of A(G) is called the spectrum of G and
denoted by

A Ay o A
Sp(G)={m m, .. m |

As A is real symmetric with zero trace, the eigenvalues of G
are real with sum equal to zero. The energy E(G) of a graph

G is defined to be the sum of the absolute values of the
eigenvalues of G | i.e.,

EG)= Y14l

For more details on the mathematical aspects of the theory of
graph energy we refer to [3, 7, 12] and the references therein.

Prof. C. Adiga and M. Smitha [1], have defined the
maximum degree energy E,, (G) of a graph G which
depend on the maximum degree matrix M (G) of G . Let G
be a simple graph with N vertices V;,V,,...,,V,. Then the
maximum degree matrix M (G) of a graph G defines as,
where
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d = {max{d(vi),d(vj)}, If viv, € E(G);

0, otherwise.

As M(G) is real symmetric with zero trace, then the

eigenvalues of G being real with sum equal to zero.
Motivated by this paper, we introduce the concept of a

maximum eccentricity matrix Me(G) of a connected graph

G and obtain some coefficients of the characteristic
polynomial P(G, 1) of the maximum eccentricity matrix of

G . We also introduce the maximum eccentricity energy
EM_(G) of a connected graph G . Maximum eccentricity
energies of some well-known graphs are obtained. Upper and
lower bounds for EM  (G) are established. It is shown that if

G is a self-centered K -regular graph with diameter D, then
kD is a maximum eccentricity eigenvalue of G and
EM_(G) = DE(G). Moreover, it is also shown that if the

maximum eccentricity energy of a graph is rational then it
must be an even integer.

2. THE MAXIMUM ECCENTRICITY ENERGY OF GRAPHS

Let G(V,E) be a simple connected graph with n
vertices V;,V,,...,V, and let e(V;,) be the eccentricity of a
vertex V,, 1 =1,2,...,n. The maximum eccentricity matrix of

G defining as, where

o = max{e(v;),e(v;)}, If viv; € E(G);
"o, otherwise.

The characteristic polynomial of the maximum eccentricity
matrix M, (G) is defined by

P(G, 1) = det(Al — M, (G)).
where | is the unit matrix of order N. The maximum
eccentricity eigenvalues of G are the eigenvalues of M, (G).

since M, (G) is real and symmetric with zero trace, then its
eigenvalues are real numbers with sum equals to zero. We
label them in non-increasing order A4, > A, >...2A,. The

maximum eccentricity energy of a graph G is defined as

n
EM,(G) =2 14 .
i=1
To illustrate this concept, we study the following examples.

Example 2.1 Let G1 be a graph in Figure 1.

Figure 1: G4

Then the maximum eccentricity matrix of G, is

M.(G,) =

o O O o M O

0

The characteristic polynomial of M (G,) is
P(G,, 1) = det(Al —M (G))

4

o O w b~ O

0

0

O O O o M

0

0

O W O O Ww

3

0

o M O W O O

0

o M O O O

4

A -4 0 0
—4 A -4 -3
0 -4 4 0

=0 -3 0 A
0 0 0 -3
0 0 0 0
0 0 0 -3

=27 —914° +18881°.

= 23(A2 —32)(22 -59).

0

A O W O O

0

(7x7)

0
0
0
-3
A
—4
0

0 0
0 0
0 0
0 -3
—4 0
PR,
—4 2

Then the maximum eccentricity eigenvalues of G1 are

A =59, A, =42, A, =2, =2, =0, Ay = —442,

2, =59

7x7)

Therefore, the maximum eccentricity energy of G1 is

EM, (G,) = 2/59 +8V2.

Example 2. Let G2 be the graph in Figure 2.
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vy

Figure 2: Gy

Then the maximum eccentricity matrix of G, is

02 20
2 010
M., (G,)=
G)=1, 1 5 5
02 20),,
The characteristic polynomial of M ,(G,) is
A -2 -2 0
PG i)_—z A -1 0
2T 14 =2
0 -2 -2 2|,,
=2 1722 =164
= A(A+1)(12 -1 -16)
The maximum eccentricity eigenvalues of G2 are
A Z%, A, =0, L,=-1, 4, =¥. Therefore,
the  maximum  eccentricity  energy  of G2 is

EM, (G) =1++/65.

3. PROPERTIES OF MAXIMUM ECCENTRICITY ENERGY

In this section, we obtain the values of some coefficients
of the characteristic polynomial of the maximum eccentricity
matrix and investigate some properties of maximum

eccentricity eigenvalues of a graph G .
Theorem 3.1 Let G be a graph of order
P(G,A) =c,A" +c A" +C,A" 2+ +C,
be the characteristic polynomial of the maximum eccentricity
matrix of G . Then

1. ¢, =1

2. ¢, =0.

N and let

3. C, ==y (X +Y;)e(v;), where

X, =[{ueN(v,):e(u) <e(v,),1<i<n}|
and
Yi =[{u; e N(v;), j>i:e(u;) =e(v;,),1<i<n}|.

Aviv iVk
e(vi )se(vj )se(vk)

5. ¢, = det(M,(G)).

4. Cg=-2 e’(ve(v;).

Proof. The proof is similar in spirit to the proof of Theorem
2.1in[1].
Remark 3.2 In Theorem 3.1

The sum Z:in:o(xi +Y;) is the number of edges in the
graph G .

Number of terms in the sum

262 (v )e(v;) is equal
Aviv-vk
e(vi )se(vj )se(vk )

to the number of triangles in the graph G . Hence, If the graph
G s free-triangle graph, then C; = 0.

If M, (G) is singular (has zero eigenvalue), then C, = 0.

Example 3.3 For the graph G1 in Figure 1, the coefficients C,
of 2> and ¢, of A* in P(G,, 1) are

o =~ (% + Y)e’(v)

(1+0)4 +(1+0)3 +(1+0)4 +(0+0)2Z +(1+0)T +
{(2+ 0)4 +(1+0)3

—[16+9+16+0+9+32+9]

=-91.

Since there is no triangle in G,, then ¢; = 0.

For the graph G, in Figure 2, the coefficients C, of A% and
C, of A are

o= - (% + 1))

=—[(2+0)2* + (0+1)1* + (0+0)12 + 2+ 0)2?|
=—[8+1+0+8]
= _17.
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c, = -2

2.

Aviv Vi
e(vi )se(vj )se(vk)

= —2[92 (v,)e(v,) + e’ (V4)e(V3)]
= _2[22 x1+2° xl]
= —2[8] =-16

e’ (v Je(v;)

We need to the following recursive formula
(Newton's Identity) see [9], to prove the next theorem. Let B
be an Nx N matrix over the field of real numbers and let

P(1) = det(Al

be the characteristic polynomial of B, where | is a unite

NX N matrix. Then

Theorem 34 Let A, 4,,...,
eigenvalues of M (G) . Then

@ Dok =

@D =22 (% +Y,)e’ (V) where
X, =[{ueN(v,):e(u) <e(v,),1<i<n}|
and

Yi =[{u; e N(v;), j>i:e(u;) =e(v;,),1<i<n}|.
@) > A =6 e’ (v )e(v;).

Proof. The proof is consequences of Newton's identity and
Theorem 3.1.

A, be the maximum eccentricity

Av V. vk
e(v )<e(v )<e(vk)

Corollary 3.5 Let G be a self-centred graph with diameter D(G)
and let A, 4,,...,

An be the maximum eccentricity eigenvalues of

G.Then Y A =2mD?*(G).

i=1

Example 36 Let A,A,,...,A, be the maximum eccentricity
eigenvalues of a graph G . Then

() FG=K, then Y A =n(n-1).

n n(n-1), if nisodd;
2) 1G=C_, th A=
@ oothen 2k {nz, if niseven.

(3) 1fG=K, . then Y A =8rs.

Theorem 3.7 If G is a self-centred k-regular graph with
diameter D, then KD is a maximum eccentricity eigenvalue

of G and EM,(G) = DE(G).
Proof. Let G be a self-centered k-regular graph with

—_ n n-1 n-2
-B)=c A" +c A" +C, A"+ +C, A+C,

diameter. Then e(v) =D, for every veV(G). By the
definition of M (G), there are K entries equal to D in each
raw of det(Al
det(Al =M _(G)) by the sum of all raw we get that
(A—KD) is a factor of det(Al =M (G)). Thus, kD is a
maximum eccentricity eigenvalue of G . Since, G is self-
centred K -regular graph, it follows by the definitions of
adjacency and maximum eccentricity matrices of G that
M.(G) = DA(G) and hence if A is an eigenvalue of G,
then DA, for every 1<i<n,

eigenvalue of G, see [13]. Thus, EM(G) = DE(G).

—M,(G)). Then by replacing the first raw of

is @ maximum eccentricity

Theorem 3.8 If the maximum eccentricity energy of a graph
G s rational, then it must be an even integer.

Proof. Let G be a graph of order N and let 4, 4,,...,
the maximum eccentricity eigenvalues of G.
zin:li, =0, then let A, 4,,...,4, be the positive eigenvalues

A, be

Since,

of G and the remaining are non positive. Then

EM.G)=4+A4,+..+4 -4, +..+4,)
=24+, +..+A4).
Since, A, 4,,...,4, are algebraic numbers, so is their sum and

hence must be integer if EM (G) is rational.

Theorem 3.9 Let G be a graph of order N, size M and radius

r(G). 1f A,(G) is the largest maximum eccentricity eigenvalue of
2mr(G)

AW(G)z———=

Proof. Let G be a graph of order N and let A, be the largest
maximum eccentricity eigenvalue of G . Then from [3] we

G, then

X'AX .
have A4, > maxx-o X [ where X is any nonzero
vector and X' is its transpose and A is a matrix . By set
X =J=(1,1,..,1)". Then we have
(2.8)
P I'M,(G)J _ ,le le ‘
N AN n
since. e = max{e(vi),e(vj)}, e ViVjE E(G) 0.

otherwise, it follows that

Az = Zmax{e(V ).e(v))}= —Z(X +Yi)e(v)).

|<] i

Since, e(v) > r(G), for every VeV (G) and by Remark 3.2,
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z:ﬂ(xi +Y;) =m, than

2mr(G)
@ZT.

4. MAXIMUM ECCENTRICITY ENERGY OF SOME STANDARD
GRAPHS

In this section, we investigate the exact values of the
maximum eccentricity energies of some well-known graphs.
Theorem 4.1 Let K be the complete graph with N> 2 vertices.
Then

EM,(K,)=2n-2,
Proof. Since the complete graph K. is self-centered (n—1)-
regular graph with diameter, it follows from Theorem 3.7, that
EM,(K,) = DE(G) = E(G) = 2n-2.
Theorem 4.2 Let K, be the star graph of order N > 3. Then

EM, (K, ,,) = 4/n-1.

Proof. Let K, , be the star graph with vertex set

Vo, Vy,e.V ;. where V, is the central vertex. Then
0 2 2 2
2 000

M.(K,,1)=|2 0 0 0
2 000

nxn
The characteristic polynomial of M (K, ;) is

A -2 -2 -2

2 2 0 0
P(K,,,A)=|-2 0 A 0

2 0 0 2

= A"%(A* —4(n-1)).

Hence, the maximum eccentricity spectrum of K, , is

2a/n-1 0 —24/n-1
1 n—2 1

Therefore, the maximum eccentricity energy of K, , is

EM, (K, ,,) = 4/n—1.

M. Sp(Ky,4) {

Corollary 4.3 Each positive integer 4p, P =2 is the maximum
eccentricity energy of a star graph.

Proof. Since the maximum eccentricity spectrum of K1 5, IS
P

2p 0 -2p
Sp(K =
=0, Y

it follows that EMe(K1 p2) =4p.

Theorem 4.4 Let C, be the cycle graph with N> 3 vertices. Then
the maximum eccentricity energy of Cn is

(n-1)csc—, if n=1(mod )2;
2n
EM,(C,)={2ncsc, if n=2(mod )4;
n
2n cotﬁ, if n=0(mod )4;
n

Proof. Since the cycle graph Cn is self-centered 2 -regular

n
graph with diameter D = LEJ , it follows from Theorem 3.7,

that
M2 it n=1mod)2:
2 . T
SIn—
2n
EM (K )=LMEG) ={M)—2_,  if n=2(mod )4;
2 B
Sin —
n
4COS£
n n P .
Ay if n=0(mod )4:
2 . T
SInE

(n-1) csc%, if n=1(mod)2;
= L%JE(G) ={2n csc%, if n=2(mod )4;
2n cotﬁ, if n=0(mod )4;

n

Theorem 45 Let K for r>2 be the complete bipartite

r,r?
graph of order Nn=2r. Then the maximum eccentricity
energy of K is

EM, (K, ,) = 2n,

Proof. Let K I > 2, be the complete bipartite graph with

rr
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vertex set V,,V,,...V ,U;,U,,...,U . Then

0 0 0 2
0 0 0 2
00 -0 2
M.(K,)=|2 2 0
00 -0
2 2 2 00 0
2rx2r
The characteristic polynomial of M (K ) is
A 0 - 0 -2 -2 -2
0 2 0 -2 -2 -2
0 O A -2 =2 -2
P(K,,A)=|-2 -2 -2 A 0 - 0
-2 -2 -2 0 4 - 0
-2 -2 -2 0 0 A
2rx2r

=24 (A =2r)(A+2r).

Hence, the maximum eccentricity spectrum of K is
M. Sp(K. )= 2r 0 -2r
PEIT ) o2 1)

Therefore, the maximum eccentricity energy of Kr'r is

EM (K, )=4r=2n.

Definition 4.6 [5] A Friendship graph F, for r =2, is the
graph constructed by joining I copies of K3 graph with a
common vertex. Fr graph has n=2r+1 vertices and

diameter D(F,) = 2.

Theorem 4.7 Let Fr be a friendship graph. Then the

maximum eccentricity energy of Fr is

EM_(F,) = (4r-2)+2v8r +1.
Proof. Let F., I =2, be the friendship graph with

vertex set V,V;,...V,, . Then

10
0 22 2 2 2 2
2 0200 00
2 2000 00
2 000 2 00
M.(F)=12 0 0 2 O 00
2 0000 0 2
2 00 0O 2 0
(2r+1)x(2r+1)
The characteristic polynomial of M (F,) is
A -2 -2 -2 =2 -2 -2
-2 A -2 0 O 0 O
-2 -2 12 0 0 0 O
-2 0 0 4 -2 0 O
P(F,4) =
-2 0 0 -2 A 0 O
-2 0 0 0 O A =2
-2 0 0 0 O -2 4 @r+1)x(2r+1)

=(A-2)"D(1+2)" (12 -21+8r).

Hence, the maximum eccentricity spectrum of F_is

144/8r+1 2 -2 1-48r+1
1 r-1 r 1 '

Therefore, the maximum eccentricity energy of F_ is

EM_(F,) = (4r-2)+2v8r +1.

M. Sp(F,) :(

Definition 4.8 The crown graph Sr? for n >3, is the graph
with vertex set {V,,V,,...,V,,U;,...,u} and edge set
{uyv, :1<i, j<r,i# j}. Therefore, N=|V(S°’)|=2r and
Sf coincides with the complete bipartite graph Kr'r with the

horizontal edges removed.

Theorem 4.9 Let Sf be a crown graph. Then the maximum

eccentricity energy of Sf is

EM,(S°) = 6n-12.

Proof. Let Sf , >3, be the crown graph with vertex set
{Vy, vy, Up,.0 U} Then
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00 - 1
0 11 0
M.(S)=|0 1 -~ 1.0 0 --- 0

2rx2r

The characteristic polynomial of M _(S°) is

A 0 .- 0 0 -1 .- -1

o 12 - 0 -1 0 - -1

o 0 - 4 -1 -1 -0
P(S,A)=|0 -1 -1 12 0 0

-1 0 -1 0 A 0

1 1.0 0 0 - 2

2rx2r

=(A-(Br-3))(A+@r-3)(A-3)" V(A +3)"",
Hence, the maximum eccentricity spectrum of Sf is
Ir-3 3 -3 —-(@3r-3
M, Sp(S’) = Gr=30)
1 r-1 r-1 1
Therefore, the maximum eccentricity energy of Sf is

EM, (S?)=12r-12=6n-12.

5. BOUNDS FOR MAXIMUM ECCENTRICITY ENERGY

In this section, we established upper and lower bounds
for the maximum eccentricity energy of a graph. Similar to
McClelland's bounds for graph energy, bounds for maximum
eccentricity energy are given in the following two theorems.

Theorem 5.1 Let G be a connected graph of order N > 2 and
sizez M and let r(G) and D(G) be the radius and the

diameter of G respectively. Then

r(G)v2m < EM, (G) < D(G)+/2nm .

Proof. Consider the Cauchy-Schwartiz inequality

(B0 (8220}

By choose & =1 and b, =| A, | and by Theorem 3.4, we get

(EM.(G)) [le Ij

(3:27)

< n[zi(xi + yi)ez(vi)j.
since, e(v) < D(G), for eI\:/Iery veV(G) and by Remark
32, % (X +Y;) =M, itfollows that
EM, (G) < D(G)+/2nm.
Now, since (Z::J A |)2 >t
(EM,(G)) 22" (% +Y,)e*(v,). since, e(v)>r(G),
for every VeV (G), then

EM, (G) > r(G)v/2m.

follows that

Theorem 5.2 Let G be a connected graph G of size m and
radius (G). Then

EM, (G) > 2m(r(G) +1/det(M., (G)) | .

Proof. Since

EML©) = (314 D" = (14 D 4D
=214 F 224021,

i<j
Using the inequality between the arithmetic and geometric

means, we get
1 n(n—
DA A B (TN, e,

n(n-1) i3 %]
Hence, by this and Theorem 3.4, we get

(EM.(G)) >Z|A 2 +n(n=2)([ 1 4 l| 2, P2

I#]

n

>3 A P +n(n=1)([ ]| 4 POy
i=1

i=1

= Zlii |2 +n(n—1)|Hii |2/n
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=23 (% + y)e2(w) +n(n-1) [ T4 .

Since, N(N—1) > 2m and e(v) > r(G) for every connected
graph, it follows by using Remark 3.2, that
EM, (G) > 2mr?(G) + 2m(det(M  (G))*"

= 2m(r(G) +1/det(M, (G) |

Similar to Koolen and Moultona€™s [11], upper bound for
the maximum eccentricity energy EM(G) of a graph G is
given in the following theorem.

Theorem 5.3 Let G be a connected graph of order N > 2, size
m and radius r(G). Then

2mr(G) m

EM,(G) <2 \/Zn D%(G)-4mr2(G).

Proof. Consider the Cauchy-Schwartiz inequality
n 2 n n
2 2
[Zaibij <(Qa)Qh).
i=1 i=1 i=1
By choosing &, =1 and b, =| 4, |, we have

S o(24)

Hence, by Theorem 3.4 and Remark 3.2, we have

(EM.(G)-1 2 IF < (n-D)@3 (% + () - £).
< (n-1)(2mD*(G) - ).
EM, (G) < 4, ++/(n—1)(2mD?(G) - 22) .

Let f(X) = X++/(n—1)(2m+mo(G) - x?)
f'(X) <0 implies that,

Therefore,

For decreasing function f(X),

x(n—-1)
J(n-1)(2mD?(G) - x?)

2
> 1/M .Since, 2mD?*(G) > n and from Theorem
n

2mr(G)
39, 4, > E—

2 2
[2mD?(G) < 2mD“(G) < J, Thus
n n

f(y)<f (ZmDTZ(G)j That means,

1- <0, and hence

, it follows that

EM,(G) < f(4) < f(szTZ(G)}

Therefore, n-1<m,

connected graph,

by using that for every

EM, (G) < 4, ++/(n—1)(2mD?(G) - 2)

SZL(G)+\/m(2mD2(G)—(2ran(G))2)

2mr(G) m
n

\/Zn D?(G) - 4mr%(G).

6. CONCLUSION

In this paper, we introduced a new matrix of a connected
graph G called maximum eccentricity matrix Me(G). It de-
pends on the underling graph and eccentricity on its vertices.
We obtained some coefficients of the characteristic polynomi-
al of the maximum eccentricity matrix. It is shown that if G is a
connected self-centered k-regular graph with diameter D, then
Me(G)=DA(G), where A(G) is the adjacency matrix of G. We
are interested in studying mathematical aspects of the maxi-
mum eccentricity energy Em(G) of a graph . It is shown that if
G is a self-centered k-regular graph with diameter D, then kD
is a maximum eccentricity eigenvalue of G. Upper and lower
bounds for the maximum eccentricity energy of a graph are
found. It is shown that if the maximum eccentricity energy is
rational number then it must be an even integer number. It is
possible that the maximum eccentricity energy that we are
considering in this paper may have some applications in
chemistry as well as in other areas.

Open Problems

1- Characterize all graphs G which Em(G)=E(G).

2- Characterize all graphs which are hyperenergetic and hy-
poenergrtic under the maximum eccentricity energy.

3- Find the maximum eccentricity energy for some other
family graphs and for some operations on graphs.

4-  Find others bounds for the maximum eccentricity energy.
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