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The Maximum Eccentricity Energy of a Graph
Ahmed M. Naji and N. D. Soner

Abstract— In This paper, we introduce the concept of a maximum eccentricity matrix )(GM e  of a connected graph G  and

obtain some coefficients of the characteristic polynomial ),( lGP  of the maximum eccentricity matrix of G . We also introduce

the maximum eccentricity energy )(GEM e  of a connected graph. Maximum eccentricity energies of some well-known graphs

are obtained. Upper and lower bounds for )(GEM e  are established. It is shown that if G  is a self-centered k -regular graph

with diameter, then kD  is a maximum eccentricity eigenvalue of G  and )(=)( GDEGEM e . Moreover, it is also shown that
if the maximum eccentricity energy of a graph is rational then it must be an even.

Index Terms: Distance in graphs, maximum eccentricity matrix, maximum eccentricity eigenvalues, maximum eccentricity energy of a
graph..

—————————— u ——————————

1.  INTRODUCTION

In this paper, all graphs are assumed to be simple, finite and
connected. A graph ),(= EVG  is a simple graph, that is,
having no loops, no multiple and directed edges. As usual, we
denote by |=|Vn  and |=| Em  to the number of vertices
and edges in a graph G , respectively. For a vertex VvÎ , the
open neighborhood of v  in a graph G , denoted )(vN , is the
set of all vertices that are adjacent to v  and the closed
neighborhood of v  is }{)(=][ vvNvN È . The degree of a
vertex v  in G  is |)(=|)( vNvd . A graph G  is  said  to  be
k -regular graph if kvd =)(  for every )(GVvÎ . The
distance ),( vud  between any two vertices u  and v  in  a
graph G  is the length of a minimum path connecting them.
For a vertex v  of G , the eccentricity of a vertex v  is

)}(:),({max=)( GVuuvdve Î . The radius of G  is
)}(:)({min=)( GVvveGr Î  and the diameter of G  is
)}(:)({max=)( GVvveGD Î .Hence,

)()()( GDveGr ££ , for every )(GVvÎ . A vertex v  in a
connected graph G  is a central vertex if )(=)( Grve , while
a vertex v  in  a  connected  graph G  is a peripheral vertex if

)(=)( GDve . A graph G  is called a self-centered graph if
)(=)(=)( GDGrve  for  every  vertex )(GVvÎ  [2]. We

denote nK , nC , 11, -nK  and srK ,  the complete, cycle, star
and complete bipartite graph respectively. For graph notation
and terminology we refer to books [5, 8].

 The concept energy of a graph introduced by I. Gutman [6],
in the year 1978. Let G  be a graph with n  vertices and m
edges  and  let )(=)( ijaGA  be the adjacency matrix of G ,
where
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=
othrwise

GEvvif
a ji

ij

The eigenvalues nlll ,...,, 21  of a matrix A(G), assumed in

non-increasing order, are the eigenvalues of the graph G . Let

tlll ³³³ ...21 , for nt £  be the distinct eigenvalues of G
with multiplicity tmmm ,...,, 21 , respectively, the multiset of

eigenvalues of )(GA  is  called  the  spectrum  of G  and
denoted by

....
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=)( 21

21
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lll

 As A  is real symmetric with zero trace, the eigenvalues of G
are real with sum equal to zero. The energy )(GE  of a graph

G  is defined to be the sum of the absolute values of the
eigenvalues of G , i.e.,

.||=)(
1=

i

n

i
GE lå

For more details on the mathematical aspects of the theory of
graph energy we refer to [3, 7, 12] and the references therein.

 Prof. C. Adiga and M. Smitha [1], have defined the
maximum degree energy )(GEM  of a graph G  which
depend on the maximum degree matrix )(GM  of G . Let G
be a simple graph with n  vertices nvvv ,...,, 21 . Then the
maximum degree matrix )(GM  of  a  graph G  defines as,
where
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GEvvIfvdvd
d jiji
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As )(GM  is real symmetric with zero trace, then the
eigenvalues of G  being real with sum equal to zero.
Motivated by this paper, we introduce the concept of a
maximum eccentricity matrix )(GM e  of a connected graph

G  and obtain some coefficients of the characteristic
polynomial ),( lGP  of  the  maximum eccentricity  matrix  of
G . We also introduce the maximum eccentricity energy

)(GEM e  of a connected graph G . Maximum eccentricity
energies of some well-known graphs are obtained. Upper and
lower bounds for )(GEM e  are established. It is shown that if

G  is a self-centered k -regular graph with diameter D , then
kD  is a maximum eccentricity eigenvalue of G  and

)(=)( GDEGEM e . Moreover, it is also shown that if the
maximum  eccentricity  energy  of  a  graph  is  rational  then  it
must be an even integer.

2. THE MAXIMUM ECCENTRICITY ENERGY OF GRAPHS

Let ),( EVG  be  a  simple  connected  graph  with n
vertices nvvv ,...,, 21  and let )( ive  be  the  eccentricity  of  a

vertex iv , ni 1,2,...,= . The maximum eccentricity matrix of

G  defining as, where

î
í
ì Î

.0,
);()},(),({max

=
otherwise

GEvvIfveve
e jiji

ij

The characteristic polynomial of the maximum eccentricity
matrix )(GM e  is defined by

)).((=),( GMIdetGP e-ll
where I  is  the  unit  matrix  of  order n . The maximum
eccentricity eigenvalues of G  are the eigenvalues of )(GM e .

Since )(GM e  is real and symmetric with zero trace, then its
eigenvalues are real numbers with sum equals to zero. We
label  them  in  non-increasing  order nlll ³³³ ...21 . The

maximum eccentricity energy of a graph G  is defined as

.||=)(
1=

i

n

i
e GEM lå

To illustrate this concept, we study the following examples.

Example 2.1 Let 1G  be a graph in Figure 1.

 Then the maximum eccentricity matrix of 1G  is

7)(7
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The characteristic polynomial of )( 1GM e  is
))((=),( 1 GMIdetGP e-ll

7)(7403000
440000

043000
303030

000040
000344
000004

=

´
--

--
--

---
-

---
-

l
l

l
l

l
l

l

.188891= 357 lll +-
59).32)((= 223 -- lll

 Then the maximum eccentricity eigenvalues of 1G  are

59=

,24=0,===,24=,59=

7

654321

-

-

l

llllll
.

Therefore, the maximum eccentricity energy of 1G  is

.28592=)( 1 +GEM e

Example 2. Let 2G  be the graph in Figure 2.
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 Then the maximum eccentricity matrix of 2G  is

4)(4

2

0220
2012
0102
0220

=)(
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The characteristic polynomial of )( 2GM e  is

4)(4

2

220
212

012
022

=),(

´
--

---
--
--

l
l

l
l

lGP

lll 1617= 24 --
16)1)((= 2 --+ llll

 The maximum eccentricity eigenvalues of 2G  are

2
651=1,=0,=,

2
651= 4321

-
-

+
llll . Therefore,

the maximum eccentricity energy of 2G  is

.651=)( +GEM e

3. PROPERTIES OF MAXIMUM ECCENTRICITY ENERGY

In this section, we obtain the values of some coefficients
of the characteristic polynomial of the maximum eccentricity
matrix and investigate some properties of maximum
eccentricity eigenvalues of a graph G .
Theorem 3.1  Let G  be  a  graph  of  order n  and  let

n
nnn ccccGP ++++ -- ...=),( 2

2
1

10 llll
be the characteristic polynomial of the maximum eccentricity
matrix of G . Then
    1. 1.=0c
    2. 0.=1c

3. )()(= 2
1=2 iii

n

i
veyxc +-å , where

|}),1(<)(:)({=| niveuevNux iii ££Î
and

.|}),1(=)(:>),({=| niveueijvNuy ijiji ££Î

  4. )()(2= 2

)()()(
3 jk

kvejveive
kvjviv vevec å
££

D- .

  5. ))((= GMdetc en .

Proof.  The  proof  is  similar  in  spirit  to  the  proof  of  Theorem
2.1 in [1].

Remark 3.2   In Theorem 3.1

    The sum )(
0= ii

n

i
yx +å  is  the  number  of  edges  in  the

graph G .
    Number of terms in the sum å

££
D

)()()(

2 )()(

kvejveive
kvjviv

jk veve  is equal

to the number of triangles in the graph G . Hence, If the graph
G  is free-triangle graph, then 0=3c .

    If )(GM e  is singular (has zero eigenvalue), then 0=nc .

Example 3.3 For the graph 1G  in Figure 1, the coefficients 2c
of 5l  and 3c  of 4l  in ),( 1 lGP  are

)()(= 2

1=
2 iii

n

i
veyxc +-å

ú
ú
û

ù

ê
ê
ë

é

+++

++++++++++
-

22

22222

0)3(10)4(2
0)3(10)2(00)4(10)3(10)4(1

=

[ ]9329016916= ++++++-
91.= -

 Since there is no triangle in 1G , then 0=3c .

For the graph 2G  in Figure 2, the coefficients 2c  of 2l  and

3c  of l  are

)()(= 2

1=
2 iii

n

i
veyxc +-å

[ ]2222 0)2(20)1(01)1(00)2(2= +++++++-
[ ]8018= +++-
17.= -
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)()(2= 2

)()()(

3 jk

kvejveive
kvjviv

vevec å
££

D
-

[ ])()()()(2= 34
2

21
2 veveveve +-

[ ]12122= 22 ´+´-
16.=2[8]= --

We need to the following recursive formula
(Newton's Identity) see [9], to prove the next theorem. Let B
be an nn´  matrix over the field of real numbers and let

nn
nnn cccccBIdetP +++++- -
-- llllll 1

2
2

1
10 ...=)(=)(

be the characteristic polynomial of B , where I  is  a  unite
nn´  matrix. Then

Theorem 3.4  Let nlll ,...,, 21  be the maximum eccentricity

eigenvalues of )(GM e . Then

  (1) 0=
1= i

n

i
lå .

  (2) )()(2= 2
1=

2
1= iii

n

ii
n

i
veyx +åå l ,where

|}),1(<)(:)({=| niveuevNux iii ££Î
and

.|}),1(=)(:>),({=| niveueijvNuy ijiji ££Î

   (3) )()(6= 2

)()()(

3
1= jk

kvejveive
kvjvivi

n

i
veveåå

££
Dl .

Proof. The proof is consequences of Newton's identity and
Theorem 3.1.

Corollary 3.5 Let G  be a self-centred graph with diameter )(GD
and let nlll ,...,, 21  be the maximum eccentricity eigenvalues of

G . Then ).(2= 22

1=
GmDi

n

i
lå

Example 3.6 Let nlll ,...,, 21  be the maximum eccentricity
eigenvalues of a graph G . Then

(1)    If nKG = , then 1)(=2
1=

-å nni
n

i
l .

(2)    If nCG = , then
î
í
ì -

å .,
;1),(

= 2
2

1= evenisnifn
oddisnifnn

i
n

i
l

(3)    If srKG ,= , then .8=2
1=

rsi
n

i
lå

Theorem 3.7  If G  is a self-centred k-regular graph with
diameter D , then kD  is a maximum eccentricity eigenvalue
of G  and )(=)( GDEGEM e .

   Proof. Let G  be a self-centered k-regular graph with

diameter. Then Dve =)( ,  for  every )(GVvÎ . By the

definition of )(GM e , there are k  entries equal to D  in each

raw of ))(( GMIdet e-l .  Then by replacing the first raw of

))(( GMIdet e-l  by the sum of all raw we get that

)( kD-l  is a factor of ))(( GMIdet e-l . Thus, kD  is  a

maximum eccentricity eigenvalue of G . Since, G  is self-
centred k -regular graph, it follows by the definitions of
adjacency and maximum eccentricity matrices of G  that

)(=)( GDAGM e  and hence if il  is an eigenvalue of G ,

then iDl , for every ni ££1 , is a maximum eccentricity

eigenvalue of G , see [13]. Thus, )(=)( GDEGEM e .

Theorem 3.8 If the maximum eccentricity energy of a graph
G  is rational, then it must be an even integer.
Proof. Let G  be a graph of  order n  and let nlll ,...,, 21  be

the maximum eccentricity eigenvalues of G . Since,

0=
1= i

n

i
lå , then let rlll ,...,, 21  be the positive eigenvalues

of G  and the remaining are non positive. Then
)...(...=)( 121 nrre GEM lllll ++-+++ +

)....2(= 21 rlll +++
 Since, rlll ,...,, 21  are algebraic numbers, so is their sum and

hence must be integer if )(GEM e  is rational.

Theorem 3.9  Let G  be  a  graph of  order n , size m  and radius
)(Gr . If )(1 Gl  is the largest maximum eccentricity eigenvalue of

G , then .)(2)(1 n
GmrG ³l

Proof. Let G  be a graph of order n  and let 1l  be the largest
maximum eccentricity eigenvalue of G . Then from [3] we

have
þ
ý
ü

î
í
ì

³ ¹ XX
AXX
t

t

Xmax 01l , where X  is  any  nonzero

vector and tX  is its transpose and A  is a matrix . By set
tJX )(1,1,...,1== . Then we have

.
)(

=)( 1=1=
1 n

e

JJ
JGMJ ij

n

i

n

j
t

e
t åå

³l

Since,
)}(),({max= jiij vevee

, if
)(GEvv ji Î

 and 0 ,
otherwise, it follows that

).()(2=)}(),({max2
1=<

1 iii

n

i
ji

n

ji
veyx

n
veve

n
+³ åål

Since, )()( Grve ³ , for every )(GVvÎ  and by Remark 3.2,
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myx ii
n

i
=)(

1=
+å , than

.)(2
1 n

Gmr
³l

4. MAXIMUM ECCENTRICITY ENERGY OF SOME STANDARD
GRAPHS

 In this section, we investigate the exact values of the
maximum eccentricity energies of some well-known graphs.
Theorem 4.1 Let nK  be the complete graph with 2³n  vertices.
Then

2.2=)( -nKEM ne

Proof. Since the complete graph nK  is self-centered 1)( -n -
regular graph with diameter, it follows from Theorem 3.7, that

2.2=)(=)(=)( -nGEGDEKEM ne

Theorem 4.2 Let 11, -nK  be the star graph of order 3³n . Then

.14=)( 11, -- nKEM ne

Proof. Let 11, -nK  be the star graph with vertex set

110 ,...., -nvvv , where 0v  is the central vertex. Then

.
0002
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=)( 11,

nn
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The characteristic polynomial of )( 11, -ne KM  is
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002
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222

=),( 11,

1)).4((= 22 --- nn ll
 Hence, the maximum eccentricity spectrum of 11, -nK  is

.
121

12012=)( 11, ÷÷
ø

ö
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æ

-
---

- n
nnKSpM ne

Therefore, the maximum eccentricity energy of 11, -nK  is

14=)( 11, -- nKEM ne .

Corollary 4.3 Each positive integer p4 , 2³p  is the maximum
eccentricity energy of a star graph.
Proof. Since the maximum eccentricity spectrum of 21, p

K  is

÷÷
ø

ö
çç
è

æ
-

-
121
202

=)( 21, n
pp

KSp
p

it follows that .4=)( 21,
pKEM

pe

Theorem 4.4 Let nC  be the cycle graph with 3³n  vertices. Then
the maximum eccentricity energy of nC  is

ï
ï
ï
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ïï
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í
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º

º

º-

4;)(mod0,cot2
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2;)(mod1,
2
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n

CEM ne

p

p

p

Proof. Since the cycle graph nC  is self-centered 2 -regular

graph with diameter ûë
2

= nD , it follows from Theorem 3.7,

that

ï
ï
ï
ï
ï
ï

î

ï
ï
ï
ï
ï
ï

í

ì

º

º
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ûë
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(
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Theorem 4.5 Let rrK , , for 2³r  be the complete bipartite

graph of order rn 2= . Then the maximum eccentricity
energy of rrK ,  is

.2=)( , nKEM rre

Proof. Let rrK , , 2³r , be the complete bipartite graph with
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vertex set rr uuuvvv ,...,,,,...., 2121 . Then
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The characteristic polynomial of )( ,rre KM  is
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).2)(2(= 1)2( rrr +-- lll
 Hence, the maximum eccentricity spectrum of rrK ,  is
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Therefore, the maximum eccentricity energy of rrK ,  is

.2=4=)( , nrKEM rre

Definition 4.6 [5] A Friendship graph rF  for 2³r , is the

graph constructed by joining r  copies of 3K  graph with a

common vertex. rF  graph has 12= +rn  vertices and

diameter 2=)( rFD .

Theorem 4.7 Let rF  be a friendship graph. Then the

maximum eccentricity energy of rF  is

.1822)(4=)( ++- rrFEM re

Proof. Let rF , 2³r , be the friendship graph with

vertex set rvvv 210 ,...., . Then

1)(21)(2
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2222220
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The characteristic polynomial of )( re FM  is

1)(21)(2200002
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000022
222222
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).82(2)(2)(= 21)( rrr +-+- - llll
 Hence, the maximum eccentricity spectrum of rF  is
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Therefore, the maximum eccentricity energy of rF  is

.1822)(4=)( ++- rrFEM re

Definition 4.8 The crown graph 0
nS  for 3³n , is the graph

with vertex set },...,,,...,,{ 121 rr uuvvv  and edge set

},,1:{ jirjivu ii ¹££ . Therefore, rSVn r 2|=)(=| 0  and
0
rS  coincides with the complete bipartite graph rrK ,  with the

horizontal edges removed.

Theorem 4.9 Let 0
rS  be  a  crown  graph.  Then  the  maximum

eccentricity energy of 0
rS  is

12.6=)( 0 -nSEM re

Proof. Let 0
rS , 3³r , be the crown graph with vertex set

},..,,,....,{ 110 rr uuvvv . Then
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The characteristic polynomial of )( 0
re SM  is
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 Hence, the maximum eccentricity spectrum of 0

rS  is
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Therefore, the maximum eccentricity energy of 0
rS  is

12.6=1212=)( 0 -- nrSEM re

5. BOUNDS FOR MAXIMUM ECCENTRICITY ENERGY
In this section, we established upper and lower bounds

for the maximum eccentricity energy of a graph. Similar to
McClelland's bounds for graph energy, bounds for maximum
eccentricity energy are given in the following two theorems.

Theorem 5.1 Let G  be a connected graph of order 2³n  and
size m  and  let )(Gr  and )(GD  be the radius and the
diameter of G  respectively. Then

nmGDGEMmGr e 2)()(2)( ££ .
Proof. Consider the Cauchy-Schwartiz inequality
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By choose 1=ia  and |=| iib l  and by Theorem 3.4, we get
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 Since, )()( GDve £ , for every )(GVvÎ  and by Remark

3.2, myx ii
n

i
=)(

1=
+å , it follows that

.2)()( nmGDGEM e £

Now, since ( ) 2
1=

2

1=
|| i

n

ii
n

i
ll åå ³ , it follows that

( ) )()(2)( 2
1=

2
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n

ie veyxGEM +³ å . Since, )()( Grve ³ ,

for every )(GVvÎ , then
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Theorem 5.2 Let G  be a connected graph G  of size m  and
radius )(Gr . Then

( ) .))(()(2)(
2

n
ee GMdetGrmGEM +³

Proof. Since

.||||2||=

|)||)(|(=|)|(=))((

<

2

1=

1=1=

2

1=

2

ji
ji

i

n

i

i

n

i
i

n

i
i

n

i
e GEM

lll

lll

åå

ååå

+

Using the inequality between the arithmetic and geometric
means, we get

.|)|||(||||
1)(

1 1)](1/[ -

¹¹
Õå ³

-
nn

ji
ji

ji
jinn

llll

Hence, by this and Theorem 3.4, we get

( ) 1)](1/[2

1=

2 |)|||1)((||)( -

¹
Õå -+³ nn

ji
ji

i

n

i
e nnGEM lll

1)](1/[1)2(

1=

2

1=
)||1)((|| --Õå -+³ nnn

i
i

i

n

i
nn ll

n
i

i
i

n

i
nn 2/

1=

2

1=
||1)(||= ll Õå -+

International Journal of Scientific & Engineering Research, Volume 7, Issue 5, May-2016 
ISSN 2229-5518 11

IJSER



IJSER © 2016
http://www.ijser.org

.||1)()()(2= 2/

1=

2

1=

n
i

i
iii

n

i
nnveyx lÕå -++

 Since, mnn 21)( ³-  and )()( Grve ³  for every connected
graph, it follows by using Remark 3.2, that
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 Similar to Koolen and Moultonâ€™s [11], upper bound for
the maximum eccentricity energy )(GEM e  of a graph G  is
given in the following theorem.

Theorem 5.3 Let G  be a connected graph of order 2³n , size
m  and radius )(Gr . Then
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Hence, by Theorem 3.4 and Remark 3.2, we have
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Therefore, by using that mn £-1 , for every
connected graph,

))(1)(2()( 2
1

2
1 ll --+£ GmDnGEM e

)))(2()((2)(2 22

n
GmrGmDm

n
Gmr

-+£

.)(4)(2)(2 222 GmrGDn
n
m

n
Gmr

-+£

6.  CONCLUSION
        In this paper, we introduced a new matrix of a connected
graph G called maximum eccentricity matrix Me(G). It de-
pends on the underling graph and eccentricity on its vertices.
We  obtained some coefficients of the characteristic polynomi-
al of the maximum eccentricity matrix. It is shown that if G is a
connected self-centered k-regular graph with diameter D, then
Me(G)=DA(G), where A(G) is the adjacency matrix of G. We
are interested in studying mathematical aspects of the maxi-
mum eccentricity energy EM(G)  of a graph . It is shown that if
G is a self-centered  k-regular graph with diameter D, then kD
is a maximum eccentricity eigenvalue of G. Upper and lower
bounds for the maximum eccentricity energy of a graph are
found. It is shown that if the maximum eccentricity energy is
rational number then it must be an even integer number. It is
possible that the maximum eccentricity energy that we are
considering in this paper may have some applications in
chemistry as well as in other areas.

Open Problems

1- Characterize all graphs G which EM(G)=E(G).
2- Characterize all graphs  which are hyperenergetic and hy-

poenergrtic under the maximum eccentricity energy.
3- Find the maximum eccentricity energy for some other

family graphs and for some operations on graphs.
4- Find others bounds for the maximum eccentricity energy.

REFERENCES
 [1]  C. Adiga and M. Smitha, On Maximum Degree Energy of a
Graph, Int. J. Contemp. Math. Sciences, 4(8) (2009), 385-396.
[2]  J. Akiyama, K. Ando and D. Avis,  Eccentric graph, discr.
math. 56 (1985), 1-6.
[3]  R. B. Bapat, Graphs and Matrices, Hindustan Book Agency
2011.
[4]  R. B. Bapat and S. Pati, Energy of a graph is never an odd
integer, Bulletin of Ker. Math. Associ., 1 (2011), 129-132.
[5]  J. A. Bondy and U. S. R. Murty, Graph Theory, Springer,
Berlin, 2008.

International Journal of Scientific & Engineering Research, Volume 7, Issue 5, May-2016 
ISSN 2229-5518 12

IJSER



IJSER © 2016
http://www.ijser.org

[6]  I. Gutman, The energy of a graph, Ber. Math-Stat. Sekt.
schungsz. Graz, 103(1978), 1-22.
[7]  I. Gutman, X. Li and J. Zhang, Graph Energy,  (Ed-s:  M.
Dehmer, F. Emmert), Streib. Analysis of Complex Networks,
From Biology to Linguistics, Wiley-VCH, Weinheim (2009),
145-174.
[8]  F. Harary, Graph Theory, Addison Wesley, Massachusetts,
1969.
[9]  D. Kalman, A matrix proof of Newton's identities, Math.
Magz. 73(4) (2000), 313-315.
[10]  M. R. Kanan, R. Shashi, B. N. Dharmendra and R. A.
Ramyashree, Maximum degree energy of certain mash derived
networks, Int. J. Comp. Appl., 78(8) (2013), 0975-8887.
[11]  J. H. Koolen and V. Moulton, Maximal energy graphs, Adv.
Appll. Math., 26(2001), 47-52.
[12]  X. Li, Y. Shi and I. Gutman,  Graph Energy, Springer, New
York, 2012.

[13]  H. Lütkepohl,  Handbook of Matrices, John Wiley and s

International Journal of Scientific & Engineering Research, Volume 7, Issue 5, May-2016 
ISSN 2229-5518 13

IJSER




